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Frost heave in physisorbed films: Vapor flow and substrate effects
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The magnitude of vapor flow accompanying the surface-melted liquid flow in physisorbed multilayer films
due to thermomolecular pressures was estimated. It was found that the vapor flow is significant compared to
the flow of the surface-melted liquid in thick films. As the flows continue, the film thickness profile evolves
into one determined by a dynamic equilibrium of vapor pressure. The flow of surface-melted liquid stops when
the dynamic equilibrium is reached.

DOI: 10.1103/PhysRevE.63.012502 PACS number~s!: 68.15.1e, 68.43.Mn, 68.08.Bc
u
ts
-

er

id

th
,
a-

b
uid
th

io

s
th
,

ch

gr
h

y
-

al
in
en

po-
ate

tial.
a-
e-
n
me
the

he
the
y a
he
ace
.
n a

ub-
in
ow

s

ssure
ient
s-
a

It has recently been demonstrated that undercooled liq
films, existing due to interfacial melting or finite-size effec
at a solid-wall interface, will flow upon application of a tem
perature gradient parallel to the interface@1–8#. This flow
has been explained as a consequence of the interaction
tween the interfaces sandwiching the liquid film. The int
action induces a thermomolecular pressurePT , which, to-
gether with hydrodynamic pressurePh , balances the
external pressureP applied to the system,P5PT1Ph @1–6#.
Applying a Gibbs-Duhem relationship to the solid and liqu
layers yields a relation between the maximum value ofPT
and temperatureT @2#:

PT5rsqmS Tm2T

Tm
D5rsqm

DT

Tm
, ~1!

whereTm is the bulk melting temperature, andrs andqm are
the solid-state density and the latent heat of fusion of
material, respectively. Under a constant external pressurePT
decreases andPh increases in the direction of the temper
ture gradient. The variation ofPh drives liquid flow toward
the lower-temperature region. The flowed-in liquid must
converted into a solid in order to maintain a constant liq
thickness at any given location. This process results in
accumulation of solid material in the low-temperature reg
@6#.

Melting of a physisorbed multilayer film typically start
from the top layer and proceeds layer by layer toward
bottom asTm is approached@9–13#. For temperatures below
but close to,Tm , a multilayer film can be in a stratified
melting stage with the surface layer~s! in a liquid state and
the bottom layer~s! in a solid state@9–13#. Applying the
same thermodynamic argument described above to su
film suggests that the surface-melted layer~s! will flow to-
ward regions of lower temperature when a temperature
dient is applied parallel to the film. Such a possibility mig
open a new avenue for studying the dynamic properties
two-dimensional liquids.

However, there are differences between the two s
tems: ~a! an undercooled liquid film at a solid-wall inter
face and~b! a surface-melted liquid layer~s! in a physisorbed
film. The former is a three-layer system consisting of a w
liquid, and solid; the latter is a four-layer system consist
of a substrate, solid, liquid, and vapor. A complete treatm
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of the latter case requires consideration of the chemical
tential and the dynamics of all three layers of the adsorb
~solid, liquid, and vapor! and their interfaces@14#, under the
influence of a temperature gradient and a substrate poten
The main difference, however, is the involvement of the v
por and liquid-vapor interface in the case of flow of surfac
melted liquid layer~s! in an adsorbed film. The vapor ca
flow, together with the surface-melted liquid, under the sa
temperature gradient. The liquid and vapor flows cause
solid-liquid and liquid-vapor interfaces, which sandwich t
surface-melted liquid, to evolve and thus change
substrate-adsorbate interaction. In this Brief Report, onl
qualitativeanalysis of the accompanying vapor flow and t
substrate effect on the thermomolecular flow of the surf
melted layers in a physisorbed multilayer film is intended

Consider a surface-melted multilayer film adsorbed o
substrate in a closed experimental cell, as shown in Fig. 1~a!.
When a temperature gradient is applied parallel to the s
strate of such a system, the surface melted liquid will flow
the direction opposite to the gradient. Assuming that the fl
can be described as lubrication flow@2–4,15#, the volume
flow flux per unit breadth in the liquid layer, with thicknes
Ll , is given by

Ql52
Ll

3

12m l
S dPl

dx D
52

Ll
3

12m l
S r lqm

Tm
1

r l

rs

dP

dTD S dT

dxD
[2alLl

3S dT

dxD , ~2!

wherem l is the liquid viscosity,r l the liquid density, andPl
the pressure exerted on the liquid.

The same temperature gradient causes the vapor pre
in the warmer region to rise, creating a pressure grad
which drives the vapor to flow toward colder regions. A
suming the local vapor pressure of the film follows
Frenkel-Halsey-Hill~FHH! relation @16#

P5P0~T!expS 2
a

kBTL3D , ~3!
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where P0 is the saturated vapor pressure,L the film thick-
ness,kB the Boltzmann constant, anda is a constant charac
terizing the adsorbate-substrate interaction, the gradien
vapor pressure along the substrate is then

dP

dx
5F S dP0

dT
1P0

a

kBT2L3D dT

dx
1P0

3a

kBTL4

dL

dxG
3expS 2

a

kBTL3D . ~4!

In the thick-film limit, this equation reduces todP/dx
>(dP0 /dT)(dT/dx). The flow in the vapor could be mor
complex than that in the liquid and probably should
treated as a potential flow in some cases@18#. However, in
order to estimate the low limit of the vapor flow rate and
make a direct comparison to that of a surface-melted liqu
the lubrication approximation is also applied to the vap
flow @17,18#. Thus the flow flux per unit length of the vapo
is then given by

FIG. 1. ~a! A multilayer film with top layer~s! melted at tem-
peratures below the bulk melting temperature. The film is thus
stratified state.~b! When a temperature gradient is applied para
to the substrate, both the surface melted liquid and vapor flow
ward lower temperature, resulting in an increase of film thicknes
the colder region. When vapor pressure reaches a dynamic eq
rium, the film thickness profile evolves to that determined by E
~8!. The angle between the slope of the thickness profile and
temperature gradient,u, is related to the local thickness variatio
tanu5dL/dx.
01250
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Qn52
Ln

3

12mn
S dP

dx D
52

Ln
3

12mn
S dP

dTD S dT

dxD
[2anLn

3S dT

dxD , ~5!

wheremn is the vapor viscosity andLn is the height of open
space above the film adsorbed on a substrate. It shoul
noted that the vapor-liquid interface in an adsorbed film
moving when frost heave occurs. The motion of the interfa
increases the flow rates of both the liquid and vapor, but th
relative importance should not change significantly@18#. The
magnitudes ofal andan , together withLl andLn of Eqs.~2!
and ~5!, provide an estimate of the significance of the vap
flow relative to the flow of surface-melted liquid. Table
lists the values ofal and an calculated for several rare ga
systems in the thick-film limit and using the bulk viscosi
data. The viscosity of thin liquid films is known to be great
than that of the bulk liquid, due to the layerlike ordering
an interface@19,20#. Thus the values foral could be overes-
timated. Table I shows that the calculated values ofal andan

are all comparable for rare gas systems. The liquid la
thickness (Ll) is usually much smaller than the height (Ln)
of the open space that the vapor occupies above the fi
Therefore, at the initial stage of the application of a tempe
ture gradient, vapor flow is significant comparing to the flo
of the surface-melted liquid in a thick film.

The vapor flow caused by a temperature gradient is es
tially a process in which some of adsorbate desorb from
warmer region, flow to the colder region, and then readso
This process increases the film thickness in the colder reg
and reduces the pressure gradient, because local vapor
sure increases with the local film thickness@see Eq.~3!#. The
vapor flow stops when the vapor pressure in the sys
reaches a dynamic equilibrium, in which the combined eff
of the temperature gradient and the film thickness variat
makes the vapor pressure uniform throughout the sys
@17#. The condition of the dynamic equilibrium is determine
by Eq.~4! in which the first and second terms~the local film
thicknessL is a function of both position and time! cancel
each other, so thatdP/dx50. The dynamic equilibrium

a
l
-
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ib-
.
e

TABLE I. The values of flow coefficient for several rare ga
systems. All the viscosity data used are for bulk phases and a
the melting temperature under a pressure of 1 bar, except liquid
and liquid Ne for which the values of viscosity used are at
melting temperatures under a pressure of 70 and 0.8 bars res
tively @22#.

Substancesm1 ~mPa s! mv ~mPa s! al (107/s K) av (107/s K)

Ne 1600 46.2 45.7 34.0
Ar 2798 74.5 19.8 10.5
Kr 4270 108.6 6.8 5.6
Xe 5400 133.7 4.2 3.6
2-2
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should not affect the thermomolecular pressure generate
the temperature gradient. If the flow of surface-melted liq
would sustain, then the dynamic equilibrium of vapor pre
sure provides a favorable condition for unambiguously
tecting and studying frost heave in an adsorbed film.

However, when the condition of the dynamic equilibriu
is reached, the flow of surface-melted liquid is not in a
rection parallel to the substrate, but rather along a path c
to the film thickness profile, as illustrated by Fig. 1~b!. The
film thickness profile is determined by requiringdP/dx50
in Eq. ~4!:

dL

dx
52

dT

dx S L

3T
1

kBTL4

3a

d ln P0~T!

dT D . ~6!

The saturated vapor pressure can be expressed as@21#

ln P0~T!'2
ql

kBT
1const, ~7!

whereql is the latent heat of sublimation of the substan
Combining Eqs.~6! and ~7! yields

dL

dx
52

dT

dx S L

3T
1

qlL
4

3aTD . ~8!

The surface-melted liquid needs to climb in opposition to
substrate potential, moving from the region near the subst
~warmer region! to region far from it~cooler, thicker region!,
in order to maintain the flow, as illustrated by Fig. 1~b!.
When the liquid layer is thin, the flow can be considered
be approximately along the liquid-vapor interface. Thus
additional energy cost per unit volume for sustaining suc
flow is

dE'r l

3a

L4 dL'2r l

dT

T S a

L3 1ql D , ~9!

wheredL is the distance a unit of liquid is displaced norm
to the substrate. Combining Eqs.~1! and ~9! gives the pres-
sure required to induce flow in a surface-melted film:
h

,

i,

n,
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qm2ql2

a

L3D DT

T
. ~10!

The difference between the latent heat of sublimation and
latent heat of fusion of a substance is much greater than
difference between the densities of its solid and liqu
phases. So the thermomolecular pressure cannot overc
the energy cost of climbing in opposition to the substr
potential when the dynamic equilibrium is reached.

Under the dynamic equilibrium condition, the local slop
of the film thickness profile is determined by Eq.~8! (tanu
5dL/dx). A strong adsorbate-substrate interaction results
smaller angleu, but gives rise to a stronger adsorbat
substrate potential for the flowing liquid to overcome.
weak adsorbate-substrate interaction results in a larger an
The extreme casea50 corresponds to films with infinite
thickness or surface melting on a bulk material. In this ca
the angle between the temperature gradient and the liq
vapor interface is 90°@the second term in Eq.~8! diverges#,
when the dynamic equilibrium is established. So the va
flow accompanying the flow of surface-melted liquid on
bulk surface will continue until the liquid-vapor interfac
changes to a position which is perpendicular to the temp
ture gradient.

The qualitative analysis presented above demonstr
that frost heave in a surface-melted physisorbed thick film
accompanied by a significant vapor flow. As the flows co
tinue, the film thickness profile evolves and, eventually
dynamic equilibrium of vapor pressure can be reach
When this condition is established, vapor flow stops, but
flow of surface-melted liquid stops as well. Whether the
exits a time window during which vapor flow is dramatical
reduced, while liquid flow is still sustained as the film thic
ness profile evolves toward the dynamic equilibrium, is
interesting subject for further exploring.
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